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Abstract 

The purpose of this paper is to investigate applications the covariant 
derivatives of the covector fields and killing vector fields with respect 
to the synectic lift 3 g — c g + v a in a the Riemannian manifold to its 
tangent bundle T (M n ) , where c <?-complete lift of the Riemannian metric, 
v a-vertical lift of the symmetric tensor field of type (0, 2) in M n . 
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1. Introduction 

Suppose that there is given the following Riemannian metric 

S gcB<lx c dx B = a 3 idx j dx l + 2g ji dx 3 Sy l (1) 

in tangent bundle in T (M n ) over a Riemannian manifold M n with metric g, 
where aji are components of a symmetric tensor field of type (0, 2) in M n and 
5y h = dy h +Tfdx l , — y 3 T^ with respect to the induced coordinates (x , y h ^j 
in 7T _1 (U) C T(M n ). We call this metric the synectic metric. The synec- 
tic metric s g = c g + v a has respectively components^ and its contravarient 
components 



where dgji = x s d s gji and a tl — g 3t a,j S g sl . 

Components of the Riemannian connection determined by the synectic met- 
ric s g are pQ 

{Sy°k pfc Spfc 'pk Spfc pfc Sj^k n 

L ji — L jil L Ji~ 1 ji' 1 £ ~ 1 ji' Ji ~ (g\ 

s r k , = s rt = s rtL = o, s r* = x J d t T% + M 

Jl J2 JI J L J • J* 
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with respect to the induced coordinates in T (M n ), Tj t being Christoffel symbols 
constructed with g 3 i . Where = \g ks (Vjd s i + Vi<ij s — V s ajj) is a tensor 
of type (1, 2) and V s Oj, = d s aji - T l kj a u - T l ki aji. 

The metric connection V of the synectic metric satisfies Vc S 9ba = and 

A 

has non-trivial torsion tensor T CB , which is skew-symmetric in the indices C 
and B .Then the metric connection V of the synectic metric has components 1 

f% = Yk. =f\ = T%, 

f% =Th =f r . = r'\, (4) 

with respect to the induced coordinates, being Christoffel symbols formed 
with g jh where = \g ks (Vja sl + Via js - V s o 3 -i). 

Given a vector field X in T (M n ), the 1 — form , uj defined by uj (y^J = 

g fx, Y^j , Y being an arbitrary element of Tq 1 (M„), is called the covector field 

associated with X and denoted by X*. If X has local components X A , then 
the associated covector field X*oi X has local components Xc — ])caX a . 

Let wbe a 1 — form in M n with components u>i. Then the vertical , complete 
and horizontal lifts of ui to T (M n ) have respectively components[4] 



( v lo b ) = (ui,0) , ( c uj b ) = [dui^i) , ( h uj b ) = (-rjw*,wi) 

with respect to the induced coordinates in T (M„) . 

The associated covector fields of the vertical , complete and horizontal lifts 
to T (M n ), with the synectic metric , of a vector field X with components X h 
in M n are respectively 

(X h 0), (y'd a X i +a ij X*,X i ), (T^X h + a^X\X t ) (5) 

with respect to the induced coordinates, where Xj — g^X 1 are components of 
the covector field X* associated with X. 

A vector field XeSj (M n ) is said to be a Killing vector field of a Riemannian 
manifold with metric <?, if Lxg — 3. In terms of components gji of g, X is a 
Killing vector field if and only if 

L x g = X a V a9jl + g m V 3 X a + g ja V t X a = V 3 X, + WtXj = 0, 

X a being components of X, where V is the Riemannian connection of the 
metric g. 

2. Main Results 

We now take a vector field X in M n with components X^.Then, since the 
associated covector fields of the lifts of X have respectively components give by 
(5), we have by (3) and (5) 
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s v c Xa = ( d (VjXi) + V 3 (a u X l ) - H%X m V 3 X t 



VjXi 



and consequently 



(6) 



s v v b Xa+ s v v a x b ={ 



VjXi + ViXj 
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+ V, (a a X) + V, (a j7 X<) - H™X m - H%X„ 
s VfXj + s Vf X 3 = VjX, + V t X 3 

s v?x, + s v?Xj = VjXi + ViXf 



(7) 



vfx ? + s vfx 7 = o 



with respect to the induced coordinates ,where Xj = g 3 kX k . From (7) we have 

Theorem 1 Necessery and sufficient conditions in order that (a) the vertical, 
(b) complete lifts to T (M n ), with the synectic metric, of a vector field X in M n 
be a Killing vector field in T (M n ) are that, respectively, (a) X is a Killing vector 
field in M n and (b) X is Killing vector field with vanishing covariant derivative 
in M n and the covariant derivative of symmetric tensor field a of type (0, 2) 
vanishes. 

We also have by (2) and (6) 



s vlx A ~ s v v A x B - l VjXi - VlX > 







, c x s v c x _l 5 Vf Xi 3 Vf X, *VfXj - s Vf X 3 
V B X A - V A X B - I Sv c Xi _ s v c x _ s v c x __s v c x _ 

s Vf X - s Vf X 3 = d {V 3 Xi - ViXj) 



V, (a a X l ) - V 4 (a 3l X l ) - Bf L X m + H™X„ 



(8) 



s Vf X T + s Vf X 3 = VjXi - WiX 3 
s Vf X, + s VfXj = V 3 Xi - V;Xf 

vfx-- s vfx J = o 



with respect to the induced coordinates ,where s g BA S V^X A = and s g BA s V%Xa 
2gi % VjXi. Thus we have, from (8), respectively, 
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Theorem 2 The vertical lift of a vector field in M n to T (M n ) with the synectic 
metric s g is harmonic if and only if the vector field in M n is closed. 

Theorem 3 The complete lift of a vector field in M n to T (M n ) with the synec- 
tic metric g is harmonic if and only if the vector field in M n is harmonic and 
the covariant derivative of symmetric tensor field a of type (0, 2) vanishes. 

We consider a vector field XeQ^ (M n ). Then its vertical , complete and 
horizontal lifts have components of the form 

VX = ( X h ) ' ° X = ( dX h ) ' " X = ( -T^X* ) (9) 

with respect to the induced coordinates in T (M n ), where T^X 1 = y 8 T^X 1 . 

Let X be a vector field in M n with local components X k . Then, from (9) 
and (4), we see that, the covariant derivatives of the vertical, complete and 
horizontal lifts of Xc^Jq (M„)with the metric connection V have respectively 
components 



V B v X a 



\7jX h 





rh 

V,X h i) 



V B C X a - ( 9 (y jX hj + H^X m - y k R^ m X m V jX h ' ' ( ' ' ' ' 



V7 H vA _ I v J 

,] ' ' -Y ] l (VjX 1 ) + H* m X m 



with respect to the induced coordinates T (M n ) . 

Remark 4 V = V + v H. where V is the metric connection with the metric 

Remark 5 The metric connection V coincides with the horizontal lift H V of 
Levi Civita connection Vo/g in M n U\ ■ Thus we have 

Proposition 6 Necessery and sufficient conditions in order that (a) the verti- 
cal, (b) complete and horizontal lifts of a vector field in M n to T (M n ) with the 
metric connection V be parallel in T (M n ) are that, respectively, (a) the vector 
field given in M n is parallel (b) the vector field given in M n is parallel and the 
covariant derivative of symmetric tensor field a of type (0,2) vanishes. 

Since V ' jX h = td^ with constant t implies R^X 1 = 0, we have also 

Proposition 7 The complete lift of a vector in M n to T (M n ) with the metric 
connection Vis concurrent if and only if the vector field given in M n is con- 
current and the covariant derivative of symmetric tensor field a of type (0, 2) 
vanishes. 



4 



A vector field ATeSj (M„) is said to be an infinitesimal isomctry or a Killing 
vector field of a Riemannian manifold with metric <?, if Lxg = 0. In terms of 
components gji of g, X is an infinitesimal isometry if and only if 

X 1 d 1 g a0 + g^dpX 1 + 5 7(3 <9 Q A 7 = 0, (11) 

X a being components of X[3], where the indices a, ft and 7 run over the 
range {1, 2, m} . 

Let there be given in M n a Riemannian metric g with components gji. Let 
~ ( X k \ 

X be a vector field with components ~-r with respect to the induced 



X 



coordinates in T (M n ) . 

with respect to the induced coordinates in T (M n ). Then, taking account of 
(2), we see by virtue of (11) that X is an infinitesimal isometry n T (M n ) with 
metric s g if and only if 



X h d h d 9ji + X h d h9ji ) + (dg jh diX h + 9jh diX h ) 
■ , „ A V ,1 J _ N (12 

+ (dg hi d j X h + g hl d 3 X h j + [X h d h a ]t + a ]h d t X h + a hl d,X h j = 

X h d h9ji + gjl AX h + (dg hi djX h + g hi djX^ + a hl djX h = (13) 
X h d h9ji + g hl d 3 X h + (dg 3h d I X h + g jh d^X^ + a jh d-X h = (14) 
g ]h ^X h + g hi djX h = 0. (15) 

We shall now prove 

Lemma 8 Let C be an element o/5} (M n ). Then L L c S g — holds if and only 
ifC = 0. 

Proof. Denote by C\ the local components of C . Then lC has components 
^ fe ) with respect to the induced coordinates in T (M n ) .Thus, substituting 



i.e., C = 



X k = and X k — y l C\ in (13) , we have gkiC k — 0, which implies C| = 0, 
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